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Abstract.   This paper starts by introducing the Gru¨nwald–Letnikov derivative, the Riesz 
potential and the problem of generalizing the Laplacian. Based on these ideas, the 
generalizations of the Laplacian for 1D and 2D cases are studied. It is presented as a fractional 
version of the Cauchy–Riemann conditions and, ﬁnally, it is discussed with the n-dimensional 
Laplacian. 
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1. Introduction 
 
The Laplacian is an important operator in physics and engineering. However, the standard 
deﬁnition does not cope with domains that are neither homogeneous, nor isotropic. 
Nowadays, researchers in applied sciences are interested in ﬁnding a deﬁnition of fractional 
Laplacian suitable for studying both isotropic and anisotropic media. In recent studies the 
fractional Laplacian was implemented by means of the inverse of the Riesz potential [1,2]. 
However, it is not straightforward that this is the single option when thinking about 
several distinct types of applications. In fact, in nD applications the inverse of the Riesz 
potential cannot be expressed as a sum of partial derivatives and is only deﬁned using the 
Fourier transform inverse of an operator. An alternative option is to follow the vectorial 
calculus that allows ﬁnding a Laplacian as the sum of partial derivatives [3–5]. In an 
attempt to gain a deeper insight, in this paper we develop a heuristic analysis of the Riesz 
potential, in the perspective of what we are expecting in a Laplacian. As a collateral 
result, a possible generalization of the Cauchy–Riemann conditions is obtained. 
Bearing these ideas in mind the paper is organized as follows. In section 2 we introduce the  
Gru¨nwald–Letnikov  derivative  and  the  Riesz  potential.  In  section  3  we  formulate the 
problem of generalising the Laplacian presenting two alternatives. It discusses the 
adoption of the theories of powers of operators [6], and of the generalized functions with 
Schwartz type test spaces [7]. In section 4 we revisit the generalization of the Laplacian 
for 1D and 2D cases. Starting from the current integer order, the Laplacian are discussed 
and conjectures about its generalization are made by analyzing the 1D and 2D cases. 
Furthermore, a fractional version of the Cauchy–Riemann conditions is presented and the 
nD case considered. Finally, in section 5 we outline the main conclusions. 
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2. The Gru¨nwald–Letnikov and Riesz derivatives 
 
We  deﬁne  the  forward  and  backward  Gru¨nwald–Letnikov  (GL)  derivatives  [8–11]  by  the 
equations: 
 
 
 
 
 
  
    
 
 
 
The two expressions are easily extended to deﬁne partial derivatives. Here, without 
lack of generality, we will adopt the forward derivatives. 
The so-called Riesz potential operators were introduced by Marcel Riesz [12] looking 
for generalizations of the Riemann–Liouville (RL) operator for dealing with the wave 
equation. The concept was built on the theory for the 1D RL fractional operators and 
Liouville (see [7, 8]). 
Many authors used the 1D Riesz operator on the spatial variable that, in fact, may     
be considered as variants of the corresponding operators introduced by Riesz [12] and 
Feller [13]. 
Riesz introduced three nD integral potential operators to calculate explicitly the 
potential for hyperbolic, elliptic and parabolic Cauchy problems. In our study the most 
interesting is the weak singular integral operator Iα deﬁned by Riesz in [12] 
 
 
 
 
 
 
 
 
If α n = 2k, k N0, the Riesz operator becomes a logarithmic operator [7, 12]. 
In the works of Riesz, the nD potential operators preserved some of the main properties 
of  the  RL  fractional  integral  operators.  For  suitable  functions  and  x¯      Rn,  Riesz  proved 
that 
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3. The Laplacian 
 
This section formulates the problem of generalising the Laplacian. Section 3.1 presents 
the main deﬁnitions. Section 3.2 revisits the Riesz Laplacian. Section 3.3 discusses two 
alternative strategies for generalization. 
 
3.1. Definition 
The Laplacian is a useful operator that in the nD case can be formulated as 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
3.2. The Riesz Laplacian 
In his works, Riesz implicitly suggested several possible deﬁnitions of fractional Laplacian 
[12]. Such expressions are suitable to be adopted in applications involving models with 
fractional operators on spacial variables. Riesz did not present the explicit realization of 
such operators, but he deduced expressions like (6) that suggest that the potential, as 
deﬁned in (3) for positive α, could implement the inverse of the integer order Laplacian. 
It  is  possible  to  prove  [14]  that,  for  suitable  functions  f (x¯),  x¯      Rn,  the  aforementioned 
deﬁnitions of fractional Laplacian operator implied by Riesz can be given as follow, for 
 
 
  
These two diﬀerential operators are the inverse on the left of the potential Riesz integral, 
given by (3), apart a constant. However, the current applications of the fractional 
Laplacian have not been based on such relations, as we will see in the sequel. 
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3.3. Strategies  for generalizations 
The importance of the Laplacian motivated its generalization towards the fractional case. 
Two diﬀerent cases are possible: 
• To compute a power of the integer order Laplacian operator 
• To fractionalise each (integer order) partial derivative. 
These two strategies lead to diﬀerent solutions. The ﬁrst has been privileged since there 
is an expedite way of implementation by means of the Riesz potential. In the positive 
integer order case it is nothing other than the repeated application of the above operator. 
If α < 0 the inverse Fourier transform of   k¯ α leads immediately to the Riesz potential. 
In the literature several authors have found the expression for a Riesz Laplacian 
operator following two ways: 
• With the theory of powers of operators [6] 
• Using the theory of generalized functions spaces with Schwartz type test spaces [7]. 
In both cases researchers look for an operator satisfying the following property: 
 
 
 
 
 
This operator can be implemented by [7] 
 
where (Δl f )(x) is the l-th diﬀerence of f (x). For l > 2α the above integral is absolutely 
convergent. Frequently α< 1 and l is taken to be 1. [1, 2] 
 
This operator has been used to implement the fractional Laplacian [1,2]. However, it does 
not implement expression (12) exactly [7]. 
Alternatively, we can start from (7) and we are led to a formulation of the type   [15]: 
 
  
 
This approach would be interesting because it recovers some properties of the classic 
vectorial calculus, namely the relationship with the gradient and divergence. With α = 1 
we recover (7). 
   
In this discussion we add another fact. Let us ﬁnd the bi-Laplacian Δ2 = ΔΔ. It is 
possible to demonstrate that it is given  by: 
         
 
where we verify the emergence of cross derivative terms. 
The corresponding Fourier transform is 
 
 
 
in agreement with the Riesz potential approach. 
 
 
4. Towards the fractional Laplacian 
 
This section develops a deeper insight into the available options in the generalization. 
Section 4.1 starts by addressing the 1D Laplacian. Section 4.2 formulates the 2D Laplacian 
and the fractional Cauchy–Riemann conditions. Section 4.3 obtains the nD Laplacian. 
Section 4.4 discusses some of outcomes that emerge with the new concepts. 
 
4.1. The 1D Laplacian 
Let f (x) be a function with real variable. We deﬁne the GL centred (two-sided) fractional 
derivative  [16–18]: 
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As shown in [17, 19], this expression reveals that the derivative is equivalent to the 1D 
Riesz potential. For α = 1 we obtain the centred order one derivative that we can consider 
the half order Laplacian. The result cannot be obtained from the Riesz integral since it 
leads to a singular integral. For α = 2 we obtain the order two centred derivative that we 
can consider the 1D Laplacian (aside a minus  sign). 
We conclude that in the 1D case this derivative and the Riesz potential give the same 
Laplacian that diﬀers from the classical one by a minus   sign. 
 
4.2. The 2D Laplacian and the fractional Cauchy–Riemann conditions 
It is very common to treat the 2D case using complex variable theory. In particular the so- 
called harmonic functions solution of the Laplacian equations are obtained with the help of 
the Cauchy–Riemann conditions. These establish relations among the partial derivatives 
of the real and imaginary parts of a given complex  function 
 
 
In terms of the complex plane and given (3) they correspond to the computation of the 
derivative on the real and imaginary axis. We now generalize the classical results for the 
fractional case. We deﬁne fractional derivative by the limit of the fractional incremental 
ratio [20] 
    
 
 
where h = h eiθ is a complex number, with θ ( π, π]. This expression can be interpreted 
as a generalization of the classical GL  derivative. 
We compute the derivative for two values of the parameter θ, namely θ = 0 and θ = π . 
Consequently, we have: 
 
 
 
 
 
 
that we can consider as the partial derivative in order to x. We can   write 
 
 
 
 
 
 
 
 
 
 
Equating the real and imaginary parts of both derivatives we obtain the fractional 
version of the Cauchy–Riemann conditions 
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With α = 1 we obtain the classical Cauchy–Riemann equations 
 
 
 
 
 
Furthermore, with α = 2 we obtain two interesting relations 
 
 
 
The expressions occur in the study of the harmonic functions. 
With some manipulation of (6) and (21) it  yields: 
 
 
We obtain expressions that can be considered as a generalization of the Laplacian for 
fractional orders. As it is obvious the corresponding Fourier transform becomes: 
 
 
with α = 2 we recover the above result (8). 
A similar procedure from equation (3), but with θ = π and θ = − π , leads to identical 
equations involving the backward derivatives. 
For the Riesz solution of the 2D case and α = 1 and n = 2 we have a problem. If we  
compute  the  inverse  of  |k¯|2  =  k2 + k2,  then  we  obtain  a  sum  of  two  second-order 
derivatives of the Dirac impulse in agreement with (24) and (19). However, if we try to 
use (14) the computation of the integral reveals problems. 
 
4.3. The nD Laplacian 
We mentioned above that the Riesz potential implements a fractional negative power of the 
classical Laplacian. In particular it implements the inverses of the Laplacian and the bi- 
Laplacian. On the other hand, the Riesz derivative presented in (14), neither implements 
the integer order Laplacian, nor the bi-Laplacian [5]. 
A new fractional Laplacian obtained as the divergence of a gradient was  obtained     
in [4]. Let us assume: 
  
where α¯ = {α , · · · , α , · · · , α  } and D , j = 1, 2, . . . , n, is the above centred derivative, 
valid for αj > − 1 , j = 1, 2, . . .  , n. It is clear that this operator generalizes the classical 
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one for αj = 1, j = 1, 2, . . .  , n, and has meaning for αj = 
1 , j = 1, 2, . .. , n. Aside a sign it 
coincides with the 2D Laplacian we obtained previously. Attending to what we discussed 
previously about the 1D Riesz potential, we can extend the above formula for αj �  
1 , 
j = 1, 2, . . .  , n, substituting the centred derivatives by the 1D Riesz potential for each 
partial  derivative 
 
 
 
These two last formulae can be considered as being complementary in the sense that (1) is 
valid for orders less than 1, where the second becomes hyper-singular, while the second 
is regular for negative orders. In other words, (28) is valid for orders greater than   1 and 
(29) is valid for negative orders. Therefore, with this we obtain a Laplacian valid for any 
real order. 
 
 
4.4. Discussion 
After having studied several formulations involving the fractional Laplacian, this 
subsection discusses some afterthoughts that emerge. In this line of thought, we can 
outline the following topics: 
 
The Riesz Laplacian is the current most ubiquitous used operator, since it is a 
fractional power of the integer order Laplacian. In fact, it has been used to obtain the 
fractional form of classical diﬀerential equations, such as the Schro¨dinger equation 
(see, e.g. [1,2,7,8,15,21,22]). This formulation leads to interesting results mainly with 
stochastic inputs such as the Le´vy ﬂights [21–23]. However, most formulations are 1D 
in space and adopt a decomposition of the Riesz potential as a sum of a left and            
a right RL derivative [24]. We can ﬁnd important cases (e.g. the fractional Maxwell 
equations) where such an approach is not appealing [15]. In this paper we try to give 
some insight into a formulation of the Laplacian suitable for dealing with equations 
where the Riesz approach is not the most straightforward. 
 
The studied Laplacians are long-range operators, meaning that they are deﬁned on 
Rn. This raises some problems in introducing boundary conditions. The classical 
methodology must be modiﬁed to adapt to long-range operators. This is an open 
problem and we believe that its solution may bypass the modiﬁcation of the involved 
functions, not necessarily by means of the operators. Probably one should switch from 
using derivatives deﬁned in subsets of Rn, as in the case of the usual RL and Caputo 
derivatives, towards the GL, the Liouville or the centred derivative [16, 17]. 
 
The computer implementation of the Laplacians can adopt the previously referred   
to derivatives. In particular, for incremental ratio derivatives, such as the GL, we  
only have to calculate the approximation. It is interesting to mention that we can 
reformulate the whole theory to get a purely discrete formulation as proposed in [25], 
but this topic requires further studies. 
• 
• 
• 
 5. Conclusions 
 
This study developed a fractional version of the Laplacian operator. First was formulated 
the generalization problem and their possible solutions. We analysed particular cases, 
namely the 1D and 2D Laplacians. Also, fractional Cauchy–Riemann conditions were 
obtained. We concluded that the Riesz potential is useful in deﬁning the negative order 
fractional Laplacian, by means of the repeated application of 1D  operators. 
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